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We consider a way of eliminating the unwanted scalar graviton from Horava-Lifshitz gravity that is
achieved via introduction of certain additional constraints. We perform canonical analysis of both
projectable and nonprojectable versions of the theory. We obtain the structure of constraints in each case,
and analyze its dependence on the values of the coupling constants involved in the additional constraints. In
the nonprojectable theory, the scalar graviton is absent when the coupling constants have certain values,
while for other values the scalar graviton appears. The projectable theory is free from the scalar graviton
regardless of the values of the coupling constants, even though the structure of the constraints does depend
on the value of a coupling constant.
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I. INTRODUCTION
In 2009 P. Hořava introduced power-counting renorma-
lizable theory of gravity in [1].1 This theory is renormaliz-
able thanks to the existence of the anisotropic scaling
t → bzt; x → bx; ð1Þ
where z is dynamical critical exponent where z ≥ 3 in the
space-time with three spatial dimensions. This theory is
now known as Hořava-Lifshitz (HL) gravity. The physical
variables in HL gravity follow from standard 3þ 1
decomposition of the metric [4]2 and consists from the
lapse N, shift Ni and the three-dimensional spatial metric
gij. Currently there are two version of HL gravity. In the
first one, known as projectable theory, the lapse depends on
time only:
N ¼ NðtÞ; Ni ¼ Niðt;xÞ; gij ¼ gijðt;xÞ: ð2Þ
On the other hand in non-projectable theory the lapse
depends on the spatial coordinates as well
N ¼ Nðt;xÞ; Ni ¼ Niðt;xÞ; gij ¼ gijðt;xÞ: ð3Þ
Since space and time coordinates scale differently in HL
gravity, the theory is not invariant under full four-
dimensional diffeomorphism but only under so-called
foliation preserving diffeomorphism
t → t0ðtÞ; x → x0ðt;xÞ: ð4Þ
Due to the fact that the number of gauge symmetries is
restricted the number of propagating degrees of freedom is
larger. Explicitly, the theory contains non-only a tensor
graviton but also a scalar graviton and the consistency of
the theory crucially depends on the properties of the scalar
graviton. The properties of given scalar graviton depends
on the fact whether we consider projectable or non-project-
able HL gravity where it turns out that projectable theory
suffers from infrared instability. It turns out that the scalar
graviton has much better properties when we consider non-
projectable theory [6,7].
Another possibility how to avoid the problems with the
scalar graviton was proposed by P. Hořava and Melby-
Thompson in [8] where Uð1Þ extension of the projectable
version of HL gravity was considered. Thanks to this
additional symmetry we can argue that the scalar graviton is
absent. It was argued originally that the presence of given
symmetry fixed the dimensionless parameter λ that appears
in the definition of the generalized de Witt metric to be
equal to one. However, it was shown in [9] that this Uð1Þ
symmetry is preserved for any value of λ. The absence of
the scalar graviton when λ ≠ 1, and the potential problems
regarding stability, ghosts and strong coupling, have been
analyzed in [10]. The Hamiltonian analysis of projectable
HL gravity with the extra Uð1Þ symmetry was also
performed in [11]. Moreover, it was argued in [12] that
the same number of degrees of freedom can be found in the
Lagrange multiplier modified HL gravity which implies an
existence of the additional constraint. However, the con-
dition of the preservation of given constraint during the
time development of the system implies an additional
constraint which is more complicated and it is very difficult
to solve it explicitly. Further, the symplectic structure of the
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Lagrange multiplier modified HL gravity is also very
involved. Then one can ask the question whether it is
possible to formulate HL gravity with additional constraints
that can be explicitly solved and with simpler symplectic
structure. The aim of this paper is to construct such a form
of the non-projectable HL gravity with two additional
constraints. The Hamiltonian analysis of non-projectable
HL gravity was performed in [13], see also [14,15]. This
analysis was further extended in [16] with very important
identifications of the global first class constraints whose
analysis was missing in [13]. Recently the Hamiltonian
analysis of non-projectable HL gravity with Uð1Þ sym-
metry was studied in [17] where the structure of local
constraints was very carefully analyzed.
In this paper we consider more general situation when
we have two additional constraints in the non-projectable
and projectable gravity. Following [17] we consider the
most general form of these additional constrains that
preserve the power counting renormalizability of HL
gravity. Then we argue that for the generic form of the
parameters that define these constraints the additional
constrains cannot eliminate the scalar graviton. On the
other hand we find that in some exceptional cases this
scalar graviton can be eliminated. This analysis can be
considered as the generalization of the analysis presented in
[17]. We also discuss the form of two global first class
constraints which were not analyzed in [17]. These con-
straints cannot eliminate local degrees of freedom but
reflect the invariance of the theory under foliation preserv-
ing diffeomorphism [16].
It has been observed that the linearized approximation of
HL gravity with a truncated potential (that consists of only
the nonrenormalizable terms ð3ÞR, ð3ÞR2 and ð3ÞRijð3ÞRij)
does not contain the scalar graviton [18]. However, the
extra scalar mode is known to be present in the corre-
sponding nonlinear theory [14]. In order to avoid missing
any physical degrees of freedom, we shall perform our
analysis within a full nonlinear theory.
The structure of given paper is as follows. In Sec. II we
introduce the non-projectable HL gravity with two
additional constraints. Then in Sec. III we perform
Hamiltonian analysis of the introduced theory with depend-
ence on the values of the parameters that appear in these
constraints. In Sec. IV we perform canonical analysis of
projectable HL gravity with additional constraints. Finally
in Sec. V we outline our results.
II. NONPROJECTABLE HL GRAVITY
WITH ADDITIONAL CONSTRAINTS
In this section we will propose nonprojectable HL
gravity with an additional constraint. Explicitly, we
consider the action in the form
S ¼ 1
κ2
Z
dtd3x½N ﬃﬃgp ðKijGijklKkl − Vðg; aiÞ
þ Λ ﬃﬃgp K þ 1
4
ﬃﬃ
g
p
fðΛÞgijGijklgkl
þ A ﬃﬃgp ðð3ÞR −Ωþ η1aiai þ η2∇iaiÞ; ð5Þ
where N ¼ Nðx; tÞ, ai ¼ ∇iNN and Kij is equal to
Kij ¼
1
2N
ð∂tgij −∇iNj −∇jNiÞ: ð6Þ
Further the generalized de Witt metric Gijkl is defined as
Gijkl ¼ 1
2
ðgikgjl þ gilgjkÞ − λgijgkl ð7Þ
with inverse
Gijkl ¼
1
2
ðgikgjl þ gilgjkÞ −
λ
3λ − 1
gijgkl;
GijklGklmn ¼
1
2
ðδmi δnj þ δni δmj Þ: ð8Þ
Finally note that the generic potential of nonprojectable HL
has the form
Vðgij; aÞ ¼ ρ2α1 − α2ð3ÞR − α3aiai þ ρ−2ðβ1ð3ÞR2 þ β2ð3ÞRijð3ÞRij þ β3∇2ð3ÞRþ βa4ai∇2ai þ β5ð∇iaiÞ2 þ β6ðaiaiÞ2
þ β7aiajð3ÞRij þ   Þ þ ρ−4ðω1ð3ÞR3 þ ω2ð3ÞRð3ÞRijð3ÞRij þ ω3ð3ÞRijð3ÞRjkð3ÞRki þ ω4∇ið3ÞRjk∇ið3ÞRjk
þ ω5ð3ÞR∇2ð3ÞRþ ω6∇4ð3ÞRþ ω7ai∇4ai þ ω8aiaiaj∇2aj þ ω9ðaiaiÞ3 þ ω10aiaiajakð3ÞRjk
þ ω11aiajð3ÞRikð3ÞRjk þ   Þ; ð9Þ
where ρ2 ¼ 1
2κ, where κ
2 is the constant that reduces to the
gravitational constant at low energy. Further, αi, βi and ωi
are dimensionless coupling constants. We also introduced
the general function of the Lagrange multiplier fðΛÞ whose
specific form will be determined later.
Before we proceed to the Hamiltonian formulation of the
theory introduced above we should explain the presence of
the terms with the constants η1, η2. To do this we list
the scaling dimensions of coordinates and fields (in mass
units)
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½t ¼ −z; ½xi ¼ −1; ½dtd3x ¼ −z − 3;
½gij ¼ 0; ½N ¼ 0 ; ½Ni ¼ ½Ni ¼ z − 1;
½Kij ¼ z; ½ð3ÞR ¼ 2; ½A ¼ 2z − 2;
½Λ ¼ z: ð10Þ
Observe that the scaling dimensions of the kinetic terms are
½KijKij ¼ ½K2 ¼ 2z and hence power-counting renorma-
lizability requires that the other terms in the action should
have scaling dimensions equal to or less than 2z. Then we
observe that the expression Að3ÞR is marginal with the
scaling dimension 2z. We also see that
½An ¼ 2nðz − 1Þ > 2z; for n ≥ 2; z ≥ 3 ð11Þ
and hence in order to preserve renormalizability of the
action it should contain terms at most linear in A. Note also
that the spatial derivatives of all other fundamental vari-
ables have positive scaling dimensions. Further, from the
fact that the scaling dimension of Λ is ½Λ ¼ z we see that
fðΛÞ could be a quadratic function. Since ½ai ¼ 1 we see
that generally there could be terms linear in Λ that are
multiplied by aiai. Explicitly we can presume that fðΛÞ has
the form
fðΛÞ ¼ γ0Λþ γ1aiaiΛþ γ2∇iaiΛþ γ3Λ2; ð12Þ
where γ0, γ1 and γ2 are dimensional constants, and γ3 is a
dimensionless constant, as the dimension of fðΛÞ is 2z. We
will show that the Hamiltonian structure of the theory
crucially depends on specific values of these constants.
However, from the form of the function fðΛÞ and from the
action (5) it is clear that the terms that are multiplied by the
constants η2 and γ2 have the same impact on the constraint
structure as terms multiplied by η1, γ1. For simplicity of the
resulting expressions we will presume that γ2 ¼ η2 ¼ 0
keeping in mind that the same analysis is valid for the
general case as well.
III. HAMILTONIAN FORMALISM
Now we are ready to proceed to the Hamiltonian
formulation. From the action (5) we obtain
πij ¼ δL
δ∂tgij ¼
1
κ2
ﬃﬃ
g
p
GijklKkl þ
1
2κ2
Λ
ﬃﬃ
g
p
gij;
πN ¼
δL
δ∂tN ¼ 0; πi ¼
δL
δ∂tNi ¼ 0;
pA ¼
δL
δ∂tA ¼ 0; pΛ ¼
δL
δ∂tΛ ¼ 0; ð13Þ
and hence we find the bare Hamiltonian in the form
HB ¼
Z
d3xðπij∂tgij − LÞ
¼
Z
dtd3x

N
κ2ﬃﬃ
g
p

πij −
1
2
Λ
ﬃﬃ
g
p
gij

× Gijkl

πkl −
1
2
Λ
ﬃﬃ
g
p
gkl

þ 1
κ2
N
ﬃﬃ
g
p
Vðg; aiÞ
−
1
κ2
N
ﬃﬃ
g
p ðγ0Λþ γ1aiaiΛþ γ3Λ2ÞgijGijklgkl
−
1
κ2
AN
ﬃﬃ
g
p ðð3ÞR −Ωþ η1aiaiÞ þ NiHi

ð14Þ
together with following set of primary constraints
πN ≈ 0; πi ≈ 0; pA ≈ 0; pΛ ≈ 0: ð15Þ
It turns out that there is a particular combination of the
primary constraint πN that is defined as [16]
ΠN ¼
Z
d3xNπN: ð16Þ
This constraint obeys the relation
fΠN; aiðxÞg ¼ 0 ð17Þ
and also
fΠN; NðxÞg ¼ NðxÞ; fΠN; πNðxÞg ¼ −πNðxÞ: ð18Þ
In the usual nonprojectable HL gravity, ΠN is a first class
constraint. Hence we have to be careful with the definition
of the local and global constraints. It is instructive to define
the following local constraint
~πNðxÞ ¼ πNðxÞ −
ﬃﬃ
g
p ðxÞR
d3xN
ﬃﬃ
g
p ΠN: ð19Þ
In other words, we decompose the constraint πNðxÞ in
terms of the local and global constraints ~πNðxÞ andΠN . The
local constraint ~πNðxÞ contains one constraint per point in
space minus one global constraint,3 since these constraints
are restricted by definition as
Z
d3xNðxÞ ~πNðxÞ ¼ 0: ð20Þ
Together with the global constraint ΠN we have a total of
one constraint per point in space, which is the same as the
number of the original constraints πN .
Now we are ready to proceed to the analysis of the
stability of the primary constraints. The requirement of the
3In the notation used in [19], such a constraint is said to contain
a total of ∞3 − 1 constraints.
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preservation of the constraints pΛ ≈ 0, pA ≈ 0 implies
following secondary constraints
ΦI≡ 1κ2
ﬃﬃ
g
p ðð3ÞR−Ωþ η1aiaiÞ≈ 0;
ΦII≡ 2gijGijklπklþ

γ0 þ γ1aiaiþ 2γ3Λ−
1
2
Λ

gijGijklgkl
≈ 0: ð21Þ
As usual the preservation of the constraint πi ≈ 0 implies
the constraint Hi that we extend with the appropriate
combinations of the primary constraints pA ≈ 0, pΛ ≈ 0,
~Hi ¼ −2gik∇jπjk þ pA∂iAþ pΛ∂iΛ: ð22Þ
It is convenient to introduce the smeared form of these
constraints
TSðNiÞ ¼
Z
d3xNi ~Hi: ð23Þ
Then it is easy to see that
fTSðNiÞ; gijg ¼ −Nk∂kgij − ∂iNkgkj − gik∂jNk;
fTSðNiÞ; πijg ¼ −∂kðNkπijÞ þ ∂kNiπkj þ πik∂kNj;
fTSðNiÞ;Λg ¼ −Ni∂iΛ;
fTSðNiÞ; Ag ¼ −Ni∂iA; ð24Þ
so that
fTSðNiÞ;ΦIIg ¼ −∂kðNkΦIIÞ ≈ 0;
fTSðNiÞ;ΦIg ¼ −∂kðNkΦIÞ ≈ 0: ð25Þ
Let us now consider the time evolution of the global
constraint ΠN ,
∂tΠN ¼

ΠN;
Z
d3xNH0

¼
Z
d3xNH0 ¼ 0; ð26Þ
where we also used the fact that
fΠN;ΦIðxÞg ¼ fΠN;ΦIIðxÞg ¼ 0: ð27Þ
We see that the requirement of the preservation of the
constraint ΠN ≈ 0 implies an existence of the second global
constraint
Π0 ≡
Z
d3xNH0 ≈ 0: ð28Þ
Finally, the requirement of the preservation of the con-
straint ~πN ≈ 0 implies
∂t ~πNðxÞ ¼

πNðxÞ −
ﬃﬃ
g
p ðxÞR
d3xN
ﬃﬃ
g
p ΠN;
Z
d3yNH0

¼ CðxÞ −
ﬃﬃ
g
p ðxÞR
d3xN
ﬃﬃ
g
p Π0 ≡ ~CðxÞ; ð29Þ
where
C ¼ H0 −
1
N
∇iVi −

2
κ2
amamΛγ1 þ
2
κ2
γ1∇i½aiΛ

×
ﬃﬃ
g
p
gijGijklgkl −

2
κ2
amamAη1 þ
2
κ2
η1∇i½aiA
 ﬃﬃ
g
p
;
ð30Þ
and where we defined vector density
ViðxÞ ¼ 1
κ2
δ
δaiðxÞ
Z
N
ﬃﬃ
g
p
Vðgij; aiÞ; ð31Þ
and where H0 is equal to
H0 ¼
κ2ﬃﬃ
g
p

πij −
1
2
Λ
ﬃﬃ
g
p
gij

Gijkl

πkl −
1
2
Λ
ﬃﬃ
g
p
gkl

þ 1
κ2
ﬃﬃ
g
p
Vðg; aiÞ
−
1
κ2
ﬃﬃ
g
p ðγ0 þ γ1aiaiΛþ γ3Λ2ÞgijGijklgkl: ð32Þ
Note that C defined in (30) is an extended version of the
constraint introduced in [16].
Before we proceed further we show that with the help of
C we can write
R
d3xNH0 as
Z
d3xNH0 ¼
Z
d3xNC; ð33Þ
when we presume that the spatial hypersurface does not
have a boundary. Using this fact we obtain that ~C obeys
following condition
Z
d3xN ~C ¼ 0: ð34Þ
Again we see that the local constraint ~CðxÞ together with
one global constraint Π0 contain one constraint per each
point in space. Collecting all these constraints together we
find that the total Hamiltonian has the form
HT ¼ ΠN þ Π0 þ
Z
d3xðvN ~πN þ viπi þ vApA
þ vΛpΛ þ ΓIΦI þ ΓIIΦII þ Γ ~C ~CÞ: ð35Þ
Before we proceed further we list a collection of useful
Poisson brackets
MASUD CHAICHIAN, JOSEF KLUSOŇ, AND MARKKU OKSANEN PHYSICAL REVIEW D 92, 104043 (2015)
104043-4
fpAðxÞ; CðyÞg ¼
2
κ2
amamη1δðx − yÞ
þ 2
κ2
η1∇yi ½aiðyÞδðx − yÞ;
fpΛðxÞ; CðyÞg ¼

2
κ2
amamγ1δðx − yÞ
þ 2
κ2
γ1∇yi ½aiðyÞδðx − yÞ

gijGijklgklðyÞ
ð36Þ
and also
fpΛðxÞ;ΦIIðyÞg ¼ −

2γ3 −
1
2

gijGijklgklðxÞδðx − yÞ
ð37Þ
and we see that this Poisson bracket is zero for γ3 ¼ 14. It is
also clear that
f ~πNðxÞ; CðyÞg ¼ △πN;Cðx; yÞ ≠ 0 ð38Þ
and also
f ~πNðxÞ;ΦIðyÞg ¼
η1
κ2
ﬃﬃ
g
p ðyÞ
NðyÞ ½aiðyÞδðx − yÞ
− ∂yiδðx − yÞaiðyÞ≡△πN;ΦIðx; yÞ;
f ~πNðxÞ;ΦIIðyÞg ¼
γ1
κ2
ﬃﬃ
g
p ðyÞ
NðyÞ ½aiðyÞδðx − yÞ
− ∂yiδðx − yÞaiðyÞgijGijklgkl
≡△πN;ΦIIðx; yÞ: ð39Þ
Observe that ΠN has a vanishing Poisson bracket with C as
follows from the following Jacobi identity
fΠN; CðxÞg ¼

ΠN;

πNðxÞ;
Z
d3yNH0

¼ −

πNðxÞ;
Z
d3yNH0;ΠN

−
Z
d3yNH0; fΠN; πNðxÞg

¼ −

πNðxÞ;
Z
d3yNH0

−
Z
d3yNH0; πNðxÞ

¼ 0; ð40Þ
using the fact that fΠN;H0ðxÞg ¼ 0. Then it is easy to see
that fΠN; ~CðxÞg ¼ 0 and also
fΠN;ΦIðxÞg ¼ fΠN;ΦIIðxÞg ¼ 0 ð41Þ
so that we could anticipate that ΠN is the first class
constraint.
Next wewill discuss the constraint structure of the theory
for specific values of the parameters γi, ηi.
A. Generic case: γ3 ≠ 14, γ1 ≠ 0, η1 ≠ 0
In this subsection we denote all constraints as Ψi ¼
ðpΛ;ΦI; ~C; ~πN; pA;ΦIIÞ and the corresponding Poisson
brackets between these constraints as
fΨiðxÞ;ΨjðyÞg ¼ △ijðx; yÞ ð42Þ
with inverse matrix △ijðx; yÞ that obeys the equation
Z
d3z△ikðx; zÞ△kjðz; yÞ ¼ δjiδðx − yÞ: ð43Þ
Now we analyze the time evolution of all constraints. For
pA we have
∂tpAðxÞ ¼ fpAðxÞ; HTg ¼
Z
d3y△pA; ~Cðx; yÞΓ
~CðyÞ ¼ 0
ð44Þ
that implies Γ ~C ¼ 0 as follows from (36). In the same way
we get
∂tpΛðxÞ ¼ fpΛðxÞ; HTg
¼
Z
d3y△pΛ;ΦII ðx; yÞΓIIðyÞ ¼ 0; ð45Þ
where we used the fact that Γ ~C ¼ 0. We again see that the
equation above has the solution ΓII ¼ 0. Finally
∂t ~πNðxÞ ¼ f ~πNðxÞ; HTg
¼
Z
d3y△ ~πN;ΦIðx; yÞΓI ¼ 0; ð46Þ
where we used the fact that Γ ~C ¼ ΓII ¼ 0. Then Eq. (46)
implies ΓI ¼ 0. Now using these results it is easy to
perform the analysis of the preservation of the constraints
ΦI ≈ 0, ΦII ≈ 0 and ~C ≈ 0. However, we should also ensure
that the constraints ΠN , Π0 are the first class constraints. To
do this we introduce following modification of these
constraints
~ΠN ¼ ΠN −
Z
d3zd3z0fΠN;ΨiðzÞg△ijðz; z0ÞΨjðz0Þ;
~Π0 ¼ Π0 −
Z
d3zd3z0fΠ0;ΨiðzÞg△ijðz; z0ÞΨjðz0Þ; ð47Þ
which by definition Poisson commute with all second class
constraints Ψi as can be seen from
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f ~ΠN;ΨiðxÞg ¼ fΠN;ΨiðxÞg −
Z
d3zd3z0fΠN;ΨkðzÞg
×△kjðz; z0ÞfΨjðz0Þ;ΨiðxÞg
¼ fΠN;ΨiðxÞg −
Z
d3zd3z0fΠN;ΨkðzÞg
×△kjðz; z0Þ△jiðz0;xÞ
¼ fΠN;ΨiðxÞg −
Z
d3zfΠN;ΨkðzÞg
× δðz − xÞδki ¼ 0: ð48Þ
In the same way we find f ~Π0;ΨiðxÞg ¼ 0. We see that it is
natural to replace ΠN , Π0 with ~ΠN and ~Π0 that are the first
class constraints and Poisson commute with Ψi. Then we
can easily perform the analysis of the time evolution of the
constraints ΦI , ΦII and ~C where now the requirement of
their preservations implies that vN , vA and vΛ have to
vanish.
In summary we have the collection of the second class
constraints Ψi that can be solved in the following way.
FromΦII we express Λ as a function of canonical variables.
From ~C we express A at least in principle and from ΦI we
express ai that allows us to find N again at least in
principle. In other words all phase space variables
ðN; πNÞ, ðA; pAÞ and ðΛ; pΛÞ are eliminated. On the other
hand there are still 12 degrees of freedom in gij, πij where 6
of them can be eliminated by gauge fixing of three first
class constraints ~Hi. In other words the generic case has an
important property that the scalar graviton is still present.
Finally we have two global first class constraints ~ΠN ¼ ΠN ,
~Π0 ¼ Π0 where we used the fact that the second class
constraints Ψi vanish strongly.
B. The case γ3 ¼ 14
In this case we find that fpΛðxÞ;ΦIIðyÞg ¼ 0 and also
that ΦII does not depend on Λ. Now we proceed in the
following way. Let us denote Ψi as a collection of the
constraints ð ~C; ~πN; pA;ΦIÞ and the matrix of Poisson
brackets between them as
fΨiðxÞ;ΨjðyÞg ¼ △ijðx; yÞ: ð49Þ
It is important to stress that there are still nonzero Poisson
brackets between pΛ and Ψi and ΦII. Then we define
following constraint
~ΦIIðxÞ ¼ ΦIIðxÞ −
Z
d3yd3zfΦIIðxÞ;ΨiðyÞg
×△ijðy; zÞΨjðzÞ: ð50Þ
It can be shown as in (48) that this constraint Poisson
commutes with all second class constraints Ψi,
f ~ΦIIðxÞ;ΨkðyÞg ¼ fΦIIðxÞ;ΨkðyÞg
−
Z
d3zd3z0fΦIIðxÞ;ΨiðzÞg
×△ijðz; z0Þ△jkðz0; yÞ ¼ 0; ð51Þ
where the matrix △ijðx; yÞ is the inverse matrix to the
matrix △ijðx; yÞ defined in (49) that has the property
Z
d3z△ijðx; zÞ△jkðz; yÞ ¼ δki δðx − yÞ: ð52Þ
In the same way we define ~pΛ as
~pΛðxÞ ¼ pΛðxÞ −
Z
d3zd3z0fpΛðxÞ;ΨiðzÞg
×△ijðz; z0ÞΨjðz0Þ; ð53Þ
which again obeys
f ~pΛðxÞ;ΨiðyÞg ¼ 0: ð54Þ
On the other hand the Poisson bracket between ~pΛ and ~ΦII
is equal to
f ~pΛðxÞ; ~ΦIIðyÞg ¼ −
Z
d3zd3z0fpΛðxÞ;Ψiðz0Þg
×△ijðz; z0ÞfΨjðz0Þ;ΦIIðyÞg ð55Þ
that is nonzero and hence we see that ~pΛðxÞ, ~ΦIIðyÞ are the
second class constraints. Finally we define ~ΠN , ~Π0 as
~ΠN ¼ΠN−
Z
d3zd3z0fΠN;ΨAðzÞg△ABðz;z0ÞΨBðz0Þ;
~Π0¼Π0−
Z
d3zd3z0fΠ0;ΨAðzÞg△ABðz;z0ÞΨBðz0Þ; ð56Þ
where ΨA ¼ ð ~pΛ; ~ΦII;ΨiÞ and where the matrix△AB is the
matrix of the Poisson brackets between these constraints
that have inverse△AB by definition. Using this notation we
find the total Hamiltonian in the form
HT ¼ ~Π0 þ cN ~ΠN þ
Z
d3xðΓAΨA þ viπi þ Ni ~HiÞ: ð57Þ
Now we are ready to study the time evolution of all
constraints
∂t ~pΛðxÞ ¼ f ~pΛðxÞ; HTg
¼
Z
d3yf ~pΛðxÞ; ~ΦIIðyÞgΓIIðyÞ ¼ 0; ð58Þ
that has solution ΓII ¼ 0. Then it is easy to see that
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∂t ~ΦIIðyÞ ¼ f ~ΦIIðyÞ; HTg
¼
Z
d3yf ~ΦIIðxÞ; ~pΛðyÞgvΛðyÞ ¼ 0
that has again solution vΛ ¼ 0. Then we can proceed to the
analysis of the time evolution of the constraints Ψi. In case
of pA and πN we obtain
∂tpAðxÞ ¼ fpAðxÞ; HTg
≈
Z
d3yfpAðxÞ; ~CðyÞgΓ ~CðyÞ ¼ 0; ð59Þ
which gives Γ ~C ¼ 0. In the same way we have
∂t ~πNðxÞ ¼ f ~πNðxÞ; HTg
≈
Z
d3yf ~πNðxÞ;ΦIðyÞgΓIðyÞ ¼ 0; ð60Þ
which again implies ΓI . Using these results it is easy to
perform the analysis of the time evolution of the constraints
~C and ΦI . We again find two equations for the Lagrange
multipliers vN , vA that can be solved for the canonical
variables. In summary, we have six second class constraints
~ΦII, ~pΛ, ~C, ~πN , ΦI , pA that can be solved in the same way as
in the previous section. In other words, the scalar graviton
is still present.
C. The case: γ3 ¼ 14, γ1 ¼ 0
This is an exceptional case when
fpΛðxÞ;ΦIIðyÞg ¼ 0; fpΛðxÞ; ~CðyÞg ¼ 0: ð61Þ
In other words pΛ ≈ 0 is the first class constraint. On the
other hand ΦII ≈ 0 has still nonzero Poisson brackets with
~C ≈ 0 and with ΦI ≈ 0. As in the previous section we use
the common notation Ψi ¼ ð ~C; ~πN; pA;ΦIÞ and introduce
~ΦII as in (50). Now we are ready to study the time evolution
of all constraints. In the case pΛ the situation is as trivial as
pΛ is the first class constraint. In case of the constraints
~ΦII ≈ 0 we obtain
∂t ~ΦIIðxÞ ¼ f ~ΦIIðxÞ; HTg
¼ cNðtÞ
Z
f ~ΦIIðxÞ;H0ðyÞgNðyÞ
≡ cNðtÞΦIIIðxÞ ¼ 0: ð62Þ
In other words, the requirement of the preservation of the
constraint ~ΦII ≈ 0 either imposes the condition cNðtÞ ¼ 0
or we should introduce another local constraint ΦIII ≈ 0.
Since ΦII is a local constraint we mean that it is more
natural to impose another local constraint rather than to
determine the global Lagrange multiplier to be zero. In
other words we claim that the requirement of the
preservation of the constraint ~ΦII ≈ 0 induces another
constraint ΦIII ≈ 0.
4 Now we proceed in the similar way
as in the previous section. Let us denote all second class
constraints as ΨA ¼ ð ~ΦII;ΦIII;ΨiÞ and introduce ~ΠN , ~Π0
as in (56) that ensure that ~ΠN , ~Π0 are global first class
constraints. On the other hand the existence of the con-
straints ΦI , pA does not restrict the number of the physical
degrees of freedom in the gravity sector since we again
have nonzero Poisson brackets between ~C and pA and ΦI
and ~πN due to the presence of the term η1aiai in ΦI .
Explicitly, the time evolution of the constraint pA is given
by the equation
∂tpAðxÞ ¼ fpAðxÞ; HTg
¼
Z
d3xfpAðxÞ; ~CðyÞgΓ ~CðyÞ ¼ 0; ð63Þ
which again implies Γ ~C ¼ 0. In the same way the time
evolution of the constraint ~πN ≈ 0 implies that ΓI ¼ 0.
Finally the requirement of the preservation of the constraint
~C ≈ 0, ΦI ≈ 0 implies that uN , uA are zero. In other words
ΦI, ~C, ~πN , pA are the second class constraints, where ~C can
be solved for A while ΦI can be solved for ai and hence for
N, at least in principle. Further, pΛ ≈ 0 is the first class
constraint that can be fixed by requirement Λ ¼ const.
However, opposite to the previous cases we now have two
constraints ~ΦII andΦIII that are the second class constraints
that can be solved for 2 degrees of freedom that are
contained in gij. For example, from ~ΦII we can express
π ¼ πijgij at least in principle. In summary, the exceptional
case when γ1 ¼ 0, γ3 ¼ 14 allows us to eliminate the scalar
graviton. However, now due to the fact that ΦIII arises from
the Poisson bracket between ~ΦII andH0 we find that ΦIII is
a very complicated expression in the canonical variables.
Further, the symplectic structure of this case is complicated
as well due to the nontrivial form of the Poisson brackets
between all second class constraints.
D. Exceptional case: γ1 ¼ γ2 ¼ η1 ¼ η2 ¼ 0
In this subsection we consider the exceptional case when
γ1 ¼ γ2 ¼ η1 ¼ η2 ¼ 0 and γ3 ¼ 14. Note that in this case
the constraints ΦI, ΦII and ~C have the very simple form
ΦII ¼ 2gijGijklπkl þ γ0gijGijklgkl ≈ 0;
ΦI ¼
1
κ2
ﬃﬃ
g
p ðð3ÞR −ΩÞ ≈ 0;
~C ¼ H0 −
1
N
∇iVi −
ﬃﬃ
g
p
R
d3xN
ﬃﬃ
g
p Π0; ð64Þ
4This is a similar situation as in paper [20].
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where now ~C does not depend on Λ and A. Now we see that
pA and pΛ have vanishing Poisson brackets with all other
constraints so that they are the first class constraints. We
also see that we have
f ~πNðxÞ;ΦIðyÞg ¼ f ~πNðxÞ;ΦIIðyÞg ¼ 0: ð65Þ
Let us denote Ψi ¼ ð ~πN; ~CÞ and the corresponding matrix
of Poisson brackets as fΨiðxÞ;ΨjðyÞg ¼ △ijðx; yÞ (note
that the following Poisson bracket is nonzero as well
f ~CðxÞ; ~CðyÞg) with inverse △ij. We again define ~ΦI , ~ΦII as
~ΦIðxÞ ¼ ΦIðxÞ −
Z
d3zd3z0fΦIðxÞ;ΨiðzÞg
×△ijðz; z0ÞΨjðz0Þ;
~ΦIIðxÞ ¼ ΦIIðxÞ −
Z
d3zd3z0fΦIðxÞ;ΨiðzÞg
×△ijðz; z0ÞΨjðz0Þ: ð66Þ
Then it is easy to see that
f ~ΦIðxÞ;ΨiðyÞg ¼ fΦIðxÞ;ΨiðyÞg −
Z
d3xfΦIðxÞ;ΨkðzÞg
×△klðz; z0Þ△liðz0; yÞ
¼ fΦIðxÞ;ΨiðyÞg −
Z
d3zfΦIðxÞ;ΨkðzÞg
× δki δðz − yÞ ¼ 0: ð67Þ
In the same way we find that f ~ΦIIðxÞ;ΨiðyÞg ¼ 0. On the
other hand we clearly have that there is a nonzero matrix
f ~ΦAðxÞ; ~ΦBðyÞg ¼ ΩABðx; yÞ; ð68Þ
where now A;B ¼ I; II.
Now we are ready to proceed to the analysis of the time
development of various constraints. First of all we intro-
duce ~ΠN , ~Π0 as in (56) where now ΨA ¼ ð ~ΦI; ~ΦII; ~C;
~πN; pA; pΛÞ. In the case of the constraints pA and pΛ we
trivially obtain that they are preserved during the time
evolution of the system. In the case of the constraints ~ΦA we
obtain
∂t ~ΦAðxÞ ¼ f ~ΦAðxÞ; HTg
¼
Z
d3yΩABðx; yÞΓBðyÞ ¼ 0; ð69Þ
which can be solved for ΓB thanks to the fact that the matrix
ΩAB is nonsingular. In the case of the constraintsΨi we find
∂tΨiðxÞ ¼ fΨiðxÞ; HTg
¼
Z
d3y△ijðx; yÞΓjðyÞ ¼ 0; ð70Þ
which can be again solved for Γi. In other words we have
completely fixed all Lagrange multipliers. Now we have
the following picture. The constraints ~C ≈ 0, ~πN ≈ 0 are the
second class constraints that can be solved for N and πN .
On the other hand the constraints ~ΦI ≈ 0, ~ΦII ≈ 0 are the
second class constraints that can be solved for two modes
corresponding to the scalar graviton. Explicitly, from ΦII
given in (64) we can easily express π ¼ gijπij as constant.
On the other hand from ΦI we could express another mode.
Note that the structure of these constraints is much simpler
than in the previous section that makes this exceptional case
more attractive. In summary, we have found the non-
projectable HL gravity with the physical spectrum that is
the same as in general relativity.
IV. PROJECTABLE HL GRAVITY WITH
ADDITIONAL CONSTRAINTS
In this section we present the Hamiltonian analysis of the
projectable version of HL gravity with additional con-
straints. Recall that in this case the action has the form
S ¼ 1
κ2
Z
dtd3x½N ﬃﬃgp ðKijGijklKkl − VðgÞ þ Λ ﬃﬃgp K
þ 1
4
ﬃﬃ
g
p
fðΛÞgijGijklgkl þ A
ﬃﬃ
g
p ðð3ÞR −ΩÞ; ð71Þ
where now N ¼ NðtÞ and where the potential V has the
same form as in the nonprojectable case with the exception
that all terms that contain ai are missing. Finally the
function fðΛÞ has the form
fðΛÞ ¼ γ0Λþ γ3Λ2: ð72Þ
Now we can proceed to the Hamiltonian formulation of the
projectable theory (71). If we proceed in the same way as in
Sec. III we find the bare Hamiltonian in the form
HB ¼
Z
d3x

NH0 −
1
κ2
AN
ﬃﬃ
g
p ðð3ÞR−ΩÞþNiHi

; ð73Þ
where
H0 ¼
κ2ﬃﬃ
g
p

πij −
1
2
Λ
ﬃﬃ
g
p
gij

Gijkl

πkl −
1
2
Λ
ﬃﬃ
g
p
gkl

þ 1
κ2
ﬃﬃ
g
p
VðgÞ − 1
κ2
ﬃﬃ
g
p ðγ0Λþ γ3Λ2ÞgijGijklgkl: ð74Þ
Note that there is also a collection of local primary
constraints
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πiðxÞ ≈ 0; pAðxÞ ≈ 0; pΛðxÞ ≈ 0 ð75Þ
together with the global one
πN ≈ 0: ð76Þ
Now we proceed to the analysis of the stability of the
primary constraints. The requirement of the preservation of
the constraints pΛ ≈ 0, pA ≈ 0 implies the following
secondary constraints
ΦI ≡ 1κ2
ﬃﬃ
g
p ðð3ÞR −ΩÞ ≈ 0;
ΦII ≡ 2gijGijklπkl þ

γ0 þ 2γ3Λ −
1
2
Λ

× gijGijklgkl ≈ 0: ð77Þ
As usual the preservation of the constraint πi ≈ 0 implies
the constraint Hi that we extend with the appropriate
combinations of the primary constraints pA ≈ 0, pΛ ≈ 0,
~Hi ¼ −2gik∇jπjk þ pA∂iAþ pΛ∂iΛ: ð78Þ
It can be shown as in Sec. III that they are the first class
constraints that are generators of spatial diffeomorphism.
Finally the requirement of the preservation of the constraint
πN ≈ 0 implies the following global constraint
∂tπNðtÞ ¼ fπNðtÞ; HBg ¼ −
Z
d3xH0 ≡ −Π0: ð79Þ
Then the total Hamiltonian with all constraints included has
the form
HT ¼ NðtÞΠ0 þ vNπN þ
Z
d3xðviπi þ vApA
þ vΛpΛ þ ΓIΦI þ ΓIIΦIIÞ: ð80Þ
Now the further analysis depends on the value of the
parameter γ3.
A. The case γ3 ≠ 14
In this case we find that
fpΛðxÞ;ΦIIðyÞg ¼ −2

γ3 −
1
4

gijGijklgklδðx − yÞ: ð81Þ
We see that the constraints pΛ ≈ 0 and ΦII ≈ 0 are the
second class constraints. Let us further define the modified
constraint ~ΦI as
~ΦIðxÞ ¼ ΦIðxÞ −
Z
d3zd3z0fΦIðxÞ;ΨAðz0Þg
×△ABðz; z0ÞΨBðz0Þ; ð82Þ
where ΨA ≡ ðpΛ;ΦIIÞ and where fΨAðxÞ;ΨBðyÞg ¼
△ABðx; yÞ with inverse matrix △AB. Then we have that
f ~ΦIðxÞ;ΨAðyÞg ¼ 0 and hence the time evolution of the
constraint ~ΦI is equal to
∂t ~ΦIðxÞ ¼ f ~ΦI; HTg ¼ NðtÞ
Z
d3yf ~ΦIðxÞ;H0ðyÞg
≡ NðtÞΦIII ¼ 0: ð83Þ
Now we can argue as in the previous section that the
requirement of the preservation of the constraint ~ΦI implies
an additional constraint ΦIII whose explicit form is not
needed. Then we have the following collection of the
second class constraints Ψi ¼ ð ~ΦI;ΦIII;ΦII; pΛÞ where the
last two constraints can be solved for pΛ and for Λwhile ~ΦI
and ΦIII can be solved for the scalar graviton in the similar
way as in [12].
B. The case γ1 ¼ 14
In this case we have that fpΛðxÞ;ΦIIðyÞg ¼ 0 and hence
pΛ ≈ 0 is the first class constraint. Then ΦA; A ¼ I; II are
the second class constraints with the nontrivial Poisson
bracket
fΦIðxÞ;ΦIIðyÞg ¼ −
2
κ2
ﬃﬃ
g
p ðΛδðx − yÞ þ∇i∇iδðx − yÞÞ
≡△I;IIðx; yÞ; ð84Þ
using
fRðxÞ; πijðyÞg ¼ −RijðxÞδðx − yÞ þ∇i∇jδðx − yÞ
− gij∇k∇kδðx − yÞ: ð85Þ
To proceed further we introduce a modified form of the
global constraint in the form
~Π0 ¼ Π0 −
Z
d3xfΠ0;ΦAðxÞg△ABðx; yÞΦBðyÞ; ð86Þ
so that f ~Π0;ΦAðxÞg ¼ 0. Then the total Hamiltonian has
the form
HT ¼ NðtÞ ~Π0 þ vNπN
þ
Z
d3xðvApA þ vΛpΛ þ ΓIΦI þ ΓIIΦIIÞ ð87Þ
up to the diffeomorphism constraints. Then it is easy to
study the evolution of the constraints ΦA,
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∂tΦAðxÞ ¼ fΦA;HTg ≈
Z
d3y△ABðx; yÞΓBðyÞ ¼ 0; ð88Þ
which due to the fact that the matrix △ABðx; yÞ is non-
singular has the solution ΓB ¼ 0. In other words ΦI , ΦII are
the second class constraints. Further, the constraints
pΛ ≈ 0, pA ≈ 0 are the first class constraints that can be
fixed by the particular choice of Λ and A. Further, from ΦII
we can eliminate the trace of the conjugate momenta gijπij
while from ΦI we can eliminate another degree of freedom
from the graviton, at least in principle. In summary the
number of physical degrees of freedom is the same as in the
case of general relativity while the symplectic structure is
more involved. To see explicitly, let us introduceGðx; yÞ as
the Green function of the operator ∇i∇i þ Λ defined as
ﬃﬃ
g
p ð∇i∇i þ ΛÞGðx; yÞ ¼ δðx − yÞ: ð89Þ
Then it is easy to see that the inverse matrix to△I;II has the
form
ð△−1ÞII;Iðx; yÞ ¼ − κ
2
2
Gðx; yÞ: ð90Þ
Then we are ready to calculate the Dirac brackets of the
canonical variables
fgijðxÞ; πklðyÞgD ¼ fgijðxÞ; πklðyÞg −
Z
d3zd3z0fgijðxÞ;ΦIIðzÞgð△−1ÞII;Iðz; z0ÞfΦIðz0Þ; πklðyÞg
¼ 1
2
ðδki δlj þ δliδkjÞδðx − yÞ −
1
2
gijðxÞGðx; yÞRklðyÞ þ
1
2
gijðxÞ∇ky∇lyGðx; yÞ ﬃﬃgp ðyÞ
−
1
2
gijðxÞ∇m;y∇my Gðx; yÞgklðyÞ ﬃﬃgp ðyÞ: ð91Þ
In the same way we obtain
fπijðxÞ; πklðyÞgD ¼ −
Z
d3zd3z0fπijðxÞ;ΦIðzÞgð△−1ÞI;IIðz; z0ÞfΦIIðz0Þ; πklðyÞg
−
Z
d3zd3z0fπijðxÞ;ΦIIðzÞgð△−1ÞII;Iðz; z0ÞfΦIðz0Þ; πklðyÞg
¼ κ
2
2
ðRijðxÞGðx; yÞπklðyÞ − πijðxÞGðx; yÞRklðyÞÞ − κ
2
2
∇ix∇jxGðx; yÞπklðyÞ
þ κ
2
2
gijðxÞ∇k;x∇kxGðx; yÞπklðyÞ þ κ
2
2
πijðxÞ∇ky∇lyGðx; yÞ − κ
2
2
πijðxÞgklðyÞ∇k;y∇kyGðx; yÞ ð92Þ
using
fπijðxÞ;ΦIðyÞg ≈ RijðxÞδðx − yÞ −∇iy∇jyδðx − yÞ þ gij∇k;y∇kyδðx − yÞ;
fΦIIðxÞ; πklðyÞg ¼ πklðxÞδðx − yÞ; ð93Þ
and where ∇k;y means the covariant derivative evaluated at
the point y. We see from (91) and (92) that the symplectic
structure of the theory (71) is much more complicated than
in the case of general relativity. On the other hand
this symplectic structure and form of the constraints is
much simpler than in the generic case with γ3 ≠ 14, which
is the main reason why we introduced an additional
constraint in the projectable version of HL gravity. In
any case the projectable HL gravity with additional con-
straints has the remarkable property that the scalar graviton
is eliminated.
V. CONCLUSION
In this paper we performed the analysis of projectable
and nonprojectable HL gravity with two additional con-
straints. We showed that the structure of the constraints is
more involved in the case of nonprojectable theory, since
the form and number of constraints depends on the values
of the additional coupling constants. We showed that the
scalar graviton is absent when the coupling constants have
the values γ3 ¼ 14, γ1 ¼ 0 or when γ1 ¼ η1 ¼ 0 and γ3 ¼ 14.
In those cases, the number of physical degrees of freedom is
the same as in GR. However, it is an open question whether
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these points are stable under quantum corrections. In other
words, even if we construct the classical nonprojectable HL
gravity with the exceptional values of the parameters given
above, it is not clear whether quantum corrections generate
these operators.
In the case of projectable theory the situation is different.
We showed that in this case the scalar graviton is absent as
well even if the structure of the constraints depends on the
value of the parameter γ3. However, the important point is
that the projectability condition is a consistent truncation of
the theory and for that reason is expected to be stable under
radiative corrections. Hence we can conclude that the
number of gravitational degrees of freedom in the project-
able HL gravity with additional constraints is the same as in
GR, despite the fact that the symplectic structures of the
theories are different.
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